In this paper, a new type of graph contractive multi-valued mappings in a metric space with a directed graph is introduced and studied. A common fixed point theorem of those two multi-valued mappings is established under some appropriate conditions. Moreover, some examples illustrating our main result are also given. The obtained result extends and generalizes several fixed point results of multivalued mappings in the literature. We apply our main result to obtain common fixed point results for two multi-valued mappings in ε -chainable complete metric spaces and two cyclic contraction multi-valued mappings.
Introduction
Fixed point theory is the main tool in nonlinear analysis. It can be applied to solve the existence problems of solutions of various nonlinear equations in science and applied science. One of the most important principle is Banach contraction principle which plays a significant role in such study. This principle was extended and studied in various directions. In 1961, Edelstein extended a Banach contraction principle for uniformly locally contractive mappings in a ε-chainable complete metric space. Definition 1.1. A metric space (X, d) is said to be a ε-chainable metric space for some ε > 0 if for any u, v ∈ X, there exists n 0 ∈ N and a sequence {x i } n 0 i=0
such that x 0 = u, x n 0 = v and d(x i−1 , x i ) < ε for i = 1, ..., n 0 . Definition 1.2. Let (X, d) be a metric space, ε > 0, 0 ≤ κ < 1 and u, v ∈ X. A mapping f : X → X is said to be (ε, κ) uniformly locally contractive if 0 < d(u, v) < ε ⇒ d( f u, f v) < κd(u, v).
Edelstein [14] obtained the following theorem which was an extension of Banach contraction principle.
Theorem 1.3 ([14]
). Let (X, d) be a ε-chainable complete metric space. If f : X → X is a (ε, κ) uniformly locally contractive mapping, then f has a unique fixed point.
Let (X, d) be a metric space and let S : X → 2 X . A point x ∈ X is a fixed point of S if x ∈ Sx. Let Fix(S) := {x ∈ X : x ∈ Sx} denote the set of all fixed points of S. Let CB(X) be the set of all nonempty closed bounded subsets of X. For U, V ∈ CB(X) We call the mapping H a Pompeiu-Hausdorff metric induced by d.
In 1969, Nadler [26] extended the Banach contraction principle for multi-valued mappings. A mapping S : X → CB(X) is called a contraction if there exists k ∈ [0, 1) such that H(Su, Sv) ≤ kd(u, v) for all u, v ∈ X.
He proved that in a complete metric space, every contraction multi-valued mapping has a fixed point. Moreover, he also generalized Edelstein's theorem for multi-valued mappings as the following theorem.
Theorem 1.4 ([26]
). Let (X, d) be a ε-chainable complete metric space for some ε > 0 and let F : X → C(X) be a multi-valued mapping such that Fx is a nonempty compact subset of X. If F satisfies the following condition:
then F has a fixed point.
Nadler's theorem was also extended and generalized in several directions, see [1, 3, 6-9, 11, 13, 15, 16, 22, 24, 25, 27, 29-31, 36, 38] . Some of them were studied in partially ordered metric spaces and metric spaces with directed graphs, see [1, 3, 6-8, 11, 16, 27, 36, 38] .
In 1989, Takahashi and Mizoguchi [25] extended Nadler's theorem by introducing a new contractive condition as follows:
where ψ : [0, ∞) → [0, 1) satisfies the condition lim sup t→r + ψ(t) < 1 for each r ∈ [0, ∞), and proved an existence result for this type of mappings.
In 2007, Berinde and Berinde [9] introduced a new class of multi-valued mappings, called "weak contraction", which is more general than that of Nadler and Takahashi and Mizoguchi. A mapping S : X → CB(X) is said to be weak contraction or (θ, L)-weak contraction if there exist two constants θ ∈ (0, 1) and L ≥ 0 such that
(1.1)
They proved a fixed point theorem of multi-valued weak contractions in a complete metric space, see [9, Theorem 3] . Moreover, they also suggested a wider class of multi-valued mappings, called "generalized multi-valued (ϕ, L)-weak contraction", by replacing θ in (1.1) with ϕ(d(u, v)) where a function ϕ : [0, ∞) → [0, 1) satisfies lim sup t→r + ϕ(t) < 1 for every r ∈ [0, ∞).
By combination two concepts in fixed point theory and graph theory, Banach contraction principle and Nadler's theorem were extensively extended and studied in metric spaces with directed graphs. This direction was considered first by Jachymski [17] . He introduced the notion of G-contraction in a metric space endowed with a directed graph and established a fixed point result of this type of mappings. After that many mathematicians draw their attentions to investigate fixed point theorems of various kinds of contraction mappings in the setting of metric spaces with directed graphs, see for examples, [1, 3, 8, 11, 16, 27, 33, 36, 38] .
Recently, Tiammee and Suantai [38] introduced a new concept of graph-preserving and weak Gcontraction for multi-valued mappings and proved some fixed point theorems in a complete metric space with a directed graph. By setting a graph G to be a complete graph, they obtained Nadler's theorem and Takahashi and Mizoguchi's theorem as special cases.
The existence of common fixed point of nonlinear mappings is an important topic in fixed point theory. It plays a significant role in studying existence of solutions of system of equations. Many mathematicians investigated common fixed point theorems for various kinds of single and multi-valued mappings in various spaces, see [2, 5, 8, 10, 12, 18-20, 34, 35, 37] , for examples. However, there are a few papers paying attention for existence of a common fixed point for multi-valued mappings because it is more difficult than that of single valued mappings. In 2013, by introducing the concept of graph contractive mapping, Beg and Butt [8] proved the existence result for a common fixed point of two multi-valued mappings in a complete metric space with a directed graph.
Definition 1.5 ([8])
. Let (X, d) be a metric space and S, T : X → CB(X). The mappings S, T are said to be graph contractive if there exists k ∈ (0, 1) such that
and if x ∈ Su and y ∈ Tv are such that
They proved that graph contractive mappings S, T : X → CB(X) have a common fixed point if the set X S := {u ∈ X : (u, x) ∈ E(G) for some x ∈ Su} is nonempty.
Motivated by these works, by using the idea given by Beg and Butt [8] and Berinde and Berinde [9] , we aim to introduce a new class of graph contractive multi-valued mappings and investigate a common fixed point result in the setting of a metric space with a directed graph. Our main result generalize those of Berinde and Berinde [9] , Tiammee and Suantai [38] , and Beg and Butt [8] .
Preliminaries
In this section, we recall and give some notions, definitions and useful results which will be used in the later sections.
The following three lemmas are useful for our main result and they can be found in [26] , [25] and [4] .
Lemma 2.1 ([26]
). Let (X, d) be a metric space. If U, V ∈ CB(X) and u ∈ U, then, for each > 0, there exists v ∈ V such that
Lemma 2.2 ([25]
). Let (X, d) be a metric space, {U k } be a sequence in CB(X) and {u k } be a sequence in X such that
where n 1 < n 2 < ... and k, n k ∈ N. Then {u k } is a Cauchy sequence in X.
Lemma 2.3 ([4]).
Let {U n } be a sequence in CB(X) and lim n→∞ H(U n , U) = 0 for U ∈ CB(X). If u n ∈ U n and lim n→∞ d(u n , u) = 0, then u ∈ U.
We now recall some concepts in graph theory. Let G = (V(G), E(G)) be a directed graph where V(G) is a set of vertices and E(G) is a set of its edges. Suppose that G has no parallel edges. Let ∆ be a set of all loops, i.e., ∆ = {(x, x) : x ∈ X}. The conversion of a graph G is denoted by G −1 where
We note that G can be seen as an undirected graph by ignoring the direction of edges.
A graph G is said to be connected if there is a path between any two vertices of G. A graph G is disconnected if it is not connected. Furthermore, if G is connected, then G is said to be weakly connected.
For u ∈ V(G), let G u be the subgraph of G consisting of all edges and vertices which are contained in some path in G beginning at u. We call G u the component of G containing u. We see that V(G u ) = {v ∈ X : there is a path from u to v}. In the case that E(G) is symmetric, we denote [u] G the equivalence class of u, where [u] G = {v ∈ X : there is a path from u to v} and we see that
The following property is also needed for our main result. Property A: Let (X, d) be a metric space with a directed graph G. We say that G has Property A if there exists a positive integer n 0 such that (u n , u) ∈ E(G) for all n ≥ n 0 whenever {u n } n∈N ⊂ X with u n → u and (u n , u n+1 ) ∈ E(G) for all n ∈ N.
Main Results
We first introduce a new type of contractive multi-valued mappings in a metric space with a directed graph.
Definition 3.1. Let (X, d) be a metric space, G = (V(G), E(G)) be a directed graph such that V(G) = X, and S, T : X → CB(X). The mappings S, T are said to be Berinde graph contractive if there exist a function ϕ : [0, ∞) → [0, 1) with lim sup t→r + ϕ(t) < 1 for every r ∈ [0, ∞) and L ≥ 0 such that, for u v, (u, v) ∈ E(G), If T : X → CB(X), the graph of T, Graph(T), is defined by Graph(T) := {(x, y) : x ∈ X, y ∈ Tx}. We now prove a common fixed point theorem for Berinde graph contractive multi-valued mappings. Theorem 3.3. Let (X, d) be a complete metric space and G = (V(G), E(G)) be a directed graph having Property A. Let S, T : X → CB(X) be Berinde graph contractive and set X S := {u ∈ X : (u, x) ∈ E(G) for some x ∈ Su}. Then we have the following:
(1) S| V(G u ) and T| V(G u ) have a common fixed point for all u ∈ X S . (2) If G is weakly connected and X S ∅, then S and T have a common fixed point in X. Proof. (1) Let u 0 ∈ X S , then there exists u 1 ∈ Su 0 such that (u 0 , u 1 ) ∈ E(G). We can choose n 1 ∈ N such that
From Lemma 2.1, there is a u 2 ∈ Tu 1 such that
By (3.1) and (3.2), we obtain
By Lemma 2.1, there is a u 3 ∈ Su 2 such that
Since (u 1 , u 2 ) ∈ E(G), u 2 ∈ Tu 1 , u 3 ∈ Su 2 , and d(u 2 , u 3 ) < d(u 1 , u 2 ), by Definition 3.1 we have (u 2 , u 3 ) ∈ E(G). By induction, we obtain a sequence {u k } in X and a sequence {n k } of positive integers such that for each k ∈ N, u 2k+1 ∈ Su 2k and u 2k+2 ∈ Tu 2k+1 , (u k , u k+1 ) ∈ E(G) and
Then {d(u k−1 , u k )} is a strictly decreasing sequence. It follows by Lemma 2.2 that {u k } is Cauchy. So there exists u ∈ X such that lim
Next, we show that u ∈ Su ∩ Tu. For k even, by property A, there exists a positive integer k 0 such that (u k , u) ∈ E(G) for all k ≥ k 0 . Since S, T are Berinde graph contractive, we have
Since u k+1 ∈ Su k and u k → u, by Lemma 2.3, we get u ∈ Tu. For k odd, we have
Again by Lemma 2.3, we get u ∈ Su. Since (u n , u n+1 ) ∈ E(G) for all n ∈ N and (u k , u) ∈ E(G) for all k ≥ k 0 , we have (u 0 , u 1 , ..., u k , u) is a path in G and so u ∈ V(G u 0 ).
(2) Let u 0 ∈ X S . Since G is weakly connected, we have V(G u 0 ) = X, and by (1), we can conclude that S and T have a common fixed point in X.
(3) It follows directly from (1). (4) If Graph(S) ⊆ E(G), then we have, for each u ∈ X, there is a point x ∈ Su such that (u, x) ∈ E(G), so X S = X. Since ∆ ⊆ E(G), it follows that X := {V(G u ) : u ∈ X S } = X. By (3), we obtain that S and T have a common fixed point. The following example provides two multi-valued mappings on a metric space with a directed graph satisfying all assumptions and conditions of Theorem 3.3.
and
We shall show that S, T are Berinde graph contractive with
) and H(T0, S(
Hence S, T are Berinde graph contractive. It is easy to see that G has Property A. Therefore all conditions of Theorem 3.3 are satisfied, so for any u ∈ X S , S| V(G u ) and T| V(G u ) have a common fixed point. We note that X S := {u ∈ X : (u, x) ∈ E(G) for some x ∈ Su} = {0}, while V(G 0 ) = {0, 1 3 n : n ∈ N}. Moreover, Fix(S) = {0}, Fix(T) = {0, 2} and Fix(S) ∩ Fix(T) = {0}. Remark 3.6. In Theorem 3.3, the condition X S ∅ can be replaced by X T ∅ and the condition Graph(S) ⊆ E(G) can be replaced by Graph(T) ⊆ E(G).
The next example shows that X S = ∅ but X T ∅.
) and H(T0, S( 
Hence S, T are Berinde graph contractive. It is easy to see that G has Property A. We see that X S := {u ∈ X : (u, x) ∈ E(G) for some x ∈ Su} = ∅ but X T := {u ∈ X : (u, x) ∈ E(G) for some x ∈ Tu} = {0} ∅. Therefore all conditions of Theorem 3.3 are satisfied, so for any u ∈ X T , S| V(G u ) and T| V(G u ) have a common fixed point. We note that V(G 0 ) = {0,
The following results are a direct consequence of Theorem 3.3.
Corollary 3.8. Let (X, d) be a complete metric space and G = (V(G), E(G)) be a directed graph having Property A. If G is weakly connected, then Berinde graph contractive mappings S, T : X → CB(X) such that (x 0 , x 1 ) ∈ E(G) for some x 1 ∈ Sx 0 have a common fixed point. Su) and if x ∈ Su, y ∈ Sv with d(x, y) < d(u, v), then (x, y) ∈ E(G), and let X S := {u ∈ X : (u, x) ∈ E(G) for some x ∈ Su}. Then we have (1) S| V(G u ) has a fixed point for all u ∈ X S . (2) If G is weakly connected and X S ∅, then S has a fixed point in X. 
Some applications on ε-chainable metric spaces and cyclic contractions
In this section, we apply our main result, Theorem 3.3, to obtain common fixed point results for two multi-valued mappings in ε-chainable complete metric spaces and two cyclic contraction multi-valued mappings.
From Theorem 1.3, the result of Edelstein [14] , we get the idea for the following theorem.
Theorem 4.1. Let (X, d) be a ε-chainable complete metric space. Let S, T : X → CB(X) be such that there exist a function ϕ : [0, ∞) → [0, 1) with lim sup t→r + ϕ(t) < 1 for every r ∈ [0, ∞) and L ≥ 0 such that
There exists x 0 ∈ Su 0 such that 0 < d(u 0 , x 0 ) < ε. Then S and T have a common fixed point.
Proof. Set the graph G as V(G) := X and
The ε-chainability of (X, d) gives connectivity of G.
We also see that if u n → u and d(u n , u n+1 ) < ε for n ∈ N, then there exists a positive integer n 0 such that d(u n , u) < ε for all n ≥ n 0 , so (u n , u) ∈ E(G). Thus G has Property A. Since there exists x 0 ∈ Su 0 such that [23] , see [28] , as the following notion. Let X be a nonempty set, m a positive integer and
be nonempty closed subsets of X and f :
A i is said to be cyclic representation of X with respect to f if;
and operator f is said to be cyclic operator.
The following existence result for cyclic contraction was proved by Karapinar [21] . 
Then f has a unique fixed point p ∈ ∩ A i .
Finally, we introduce the notions of cyclic representations for multi-valued mapping. Let X be a nonempty set, m a positive integer,
be nonempty closed subsets of X, X := ∪ m i=1 A i and T : X → 2 X be a mapping. Then X := ∪ m i=1
A i is said to be cyclic representation of X with respect to T if T : A i → CB(A i+1 ) for i = 1, ..., m; A m+1 = A 1 and operator T is said to be cyclic multi-valued mapping.
Next, we prove a common fixed point of cyclic multi-valued mappings. Suppose that x ∈ Su, y ∈ Tv and d(x, y) < d(u, v). Then x ∈ Su ⊆ A i+1 , y ∈ Tv ⊆ A i+2 , hence (x, y) ∈ E(G). Therefore S, T are Berinde graph contractive.
Next, we will show that G has Property A. Assume {u n } n∈N be a sequence in Y with u n → u and (u n , u n+1 ) ∈ E(G) for all n ∈ N. It follows that a sequence {u n } has infinitely many terms in each A i , so that one can easily extract a subsequence of {u n } converging to u. Since A i is closed for all i ∈ {1, ..., m}, it follows that u ∈ ∩ m i=1 A i . This implies by definition of E(G) that (u n , u) ∈ E(G) for all n ∈ N. We also note that u 0 ∈ Y, then u 0 ∈ A i for some i ∈ {1, ..., m} and Su 0 ⊆ A i+1 . Choose y 0 ∈ Su 0 . By definition of E(G), we have (u 0 , y 0 ) ∈ E(G). This implies that Y S := {u ∈ Y : (u, y) ∈ E(G) for some y ∈ Su} ∅.
By definition of E(G), we see that Graph(S) ⊆ E(G) and Graph(T) ⊆ E(G). By Theorem 3.3, we can conclude that S and T have a common fixed point in Y.
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